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Multiclass classification
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MNIST example

𝑦 = 0 1 2 3 4 5 6 7 8 9

𝑥 → 𝑦 = 7

Multiclass classification problem
Target y can take more than two possible values 
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Multiclass classification example

𝑥!

𝑥"
𝑃(𝑦 = 1|𝑥⃗)

Class 1

Class 2

𝑥!

𝑥"

𝑃(𝑦 = 2|𝑥⃗)
𝑃(𝑦 = 3|𝑥⃗)

𝑃(𝑦 = 1|𝑥⃗) 𝑃(𝑦 = 4|𝑥⃗)
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Softmax regression algorithm
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Softmax regression

Logistic regression
(2 possible output values)

𝑧 = 𝑤 $ 𝑥⃗ + 𝑏

𝑎! = 𝑔 𝑧 =
1

1 + 𝑒"# = 𝑃(𝑦 = 1|𝑥⃗)

𝑎$ = 1 − 𝑎! = 𝑃(𝑦 = 0|𝑥⃗)

0.71

0.29

Softmax regression
(N possible outputs)

𝑧% = 𝑤% $ 𝑥⃗ + 𝑏%

𝑎% =
𝑒#!

∑&'!( 𝑒#"
= 𝑃(𝑦 = 𝑗|𝑥⃗)

Note: 𝑎! + 𝑎" + 𝑎# +⋯+ 𝑎$ = 1

Softmax regression
(4 possible outputs)

𝑧! = 𝑤! $ 𝑥⃗ + 𝑏! 𝑎! =
𝑒##

𝑒## + 𝑒#$ + 𝑒#% + 𝑒#&

= 𝑃(𝑦 = 1|𝑥⃗)

𝑧$ = 𝑤$ $ 𝑥⃗ + 𝑏$ 𝑎$ =
𝑒#$

𝑒## + 𝑒#$ + 𝑒#% + 𝑒#&

= 𝑃(𝑦 = 2|𝑥⃗)

𝑧) = 𝑤) $ 𝑥⃗ + 𝑏) 𝑎) =
𝑒#%

𝑒## + 𝑒#$ + 𝑒#% + 𝑒#&

= 𝑃(𝑦 = 3|𝑥⃗)

𝑧* = 𝑤* $ 𝑥⃗ + 𝑏* 𝑎* =
𝑒#&

𝑒## + 𝑒#$ + 𝑒#% + 𝑒#&

= 𝑃(𝑦 = 4|𝑥⃗)

0.30

0.20

0.15
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Simplified cost function

𝑳 𝒇 𝒙 𝒊 , 𝒚 𝒊 = −	𝒚 𝒊 𝒍𝒐𝒈 𝒇𝒘,𝒃 𝒙 𝒊 − (𝟏−	𝒚 𝒊 )	𝒍𝒐𝒈(𝟏 − 𝒇𝒘,𝒃 𝒙 𝒊 )

𝑱(𝒘, 𝒃) =
𝟏
𝒎
<
𝒊%𝟏

𝒎

𝑳 𝒇 𝒙 𝒊 , 𝒚 𝒊

cost loss

= −
𝟏
𝒎
<
𝒊%𝟏

𝒎

	𝒚 𝒊 𝒍𝒐𝒈 𝒇𝒘,𝒃 𝒙 𝒊 + (𝟏−	𝒚 𝒊 )	𝒍𝒐𝒈(𝟏 − 𝒇𝒘,𝒃 𝒙 𝒊 )

This particular cost function derived from statistics using a 

statistical principle called maximum likelihood estimation 

(idea from statistics on how to efficiently find parameters for 

different models)

à Pretty much everyone uses to train logistic regression
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𝑳 𝒇 𝒙 𝒊 , 𝒚 𝒊 = >
−𝒍𝒐𝒈(𝒇𝒘,𝒃 𝒙 𝒊 )	 𝒊𝒇	 𝒚 𝒊 = 𝟏
−𝒍𝒐𝒈(𝟏 − 𝒇𝒘,𝒃 𝒙 𝒊 )	 𝒊𝒇	 𝒚 𝒊 = 𝟎

𝒇𝒘,𝒃 𝒙 𝒊

𝑳
𝒇
𝒙
𝒊
,𝒚

𝒊 𝒍𝒐𝒈(𝒇)

−𝒍𝒐𝒈(𝒇)

𝟏

𝟏𝟎

As 𝒇𝒘,𝒃 𝒙 𝒊  à 1 then loss à 0

As 𝒇𝒘,𝒃 𝒙 𝒊  à 0 then loss à infinite

Loss function
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𝑳 𝒇 𝒙 𝒊 , 𝒚 𝒊 = >
−𝒍𝒐𝒈(𝒇𝒘,𝒃 𝒙 𝒊 )	 𝒊𝒇	 𝒚 𝒊 = 𝟏
−𝒍𝒐𝒈(𝟏 − 𝒇𝒘,𝒃 𝒙 𝒊 )	 𝒊𝒇	 𝒚 𝒊 = 𝟎

𝒇𝒘,𝒃 𝒙 𝒊

𝑳
𝒇
𝒙
𝒊
,𝒚

𝒊 −𝒍𝒐𝒈(𝟏 − 𝒇)

𝟏

𝟏𝟎

As 𝒇𝒘,𝒃 𝒙 𝒊  à 1 then loss à infinite

As 𝒇𝒘,𝒃 𝒙 𝒊  à 0 then loss à 0

Loss function
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Cost

𝑧 = 𝑤 7 𝑥⃗ + 𝑏

𝑎! = 𝑔 𝑧 =
1

1 + 𝑒)*
= 𝑃(𝑦 = 1|𝑥⃗)

𝑎" = 1 − 𝑎! = 𝑃(𝑦 = 0|𝑥⃗)

𝐿𝑜𝑠𝑠 = −𝑦𝑙𝑜𝑔𝑎! − 1 − y log(1 − 𝑎!)

𝐽 𝑤, 𝑏 = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒	𝑙𝑜𝑠𝑠

Logistic regression Softmax regression

𝑎! =
𝑒*!

𝑒*! + 𝑒*" +⋯+ 𝑒*#
= 𝑃(𝑦 = 1|𝑥⃗)

𝑎$ =
𝑒*#

𝑒*! + 𝑒*" +⋯+ 𝑒*#
= 𝑃(𝑦 = 𝑁|𝑥⃗)

…

𝐿𝑜𝑠𝑠 𝑎!, 𝑎", … , 𝑎$, 𝑦 =
−𝑙𝑜𝑔𝑎!	, 𝑖𝑓	𝑦 = 1
−𝑙𝑜𝑔𝑎"	, 𝑖𝑓	𝑦 = 2…
−𝑙𝑜𝑔𝑎$	, 𝑖𝑓	𝑦 = 𝑁

Cross-entropy loss

𝐿𝑜𝑠𝑠

𝑎+10.50
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Neural Network with Softmax output

𝒂[𝟏] 𝒂[𝟐]

Layer 1

Layer 2

Layer 3

𝒙 … …

25 units

15 units

Hidden units 
(neurons)

Output unit

Probability
of being a
handwritten ‘1’

255 255 255 255 255 255 255 255

255 255 255 0 255 255 255 255

255 255 0 0 255 255 255 255

255 255 255 0 255 255 255 255

255 255 255 0 255 255 255 255

255 255 255 0 255 255 255 255

255 255 0 0 0 255 255 255

255 255 255 255 255 255 255 255

8

8

Digit images 0 1

Label 0 1

𝒂[𝟑]
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Neural Network with Softmax output

𝒂[𝟏] 𝒂[𝟐]

Layer 1

Layer 2

Layer 3

𝒙 … …

25 units

15 units

𝒂[𝟑]

…
10 units

𝑧!
[)] = 𝒘𝟏

[𝟑] $ 𝒂[𝟐] + 𝑏!
[)]

𝑎!
[)] =

𝑒##
[%]

𝑒##
[%]
+⋯+ 𝑒##)

[%]

= 𝑃(𝑦 = 1|𝑥⃗)

𝑧!0
[)] = 𝒘𝟏𝟎

[𝟑] $ 𝒂[𝟐] + 𝑏!0
[)]

𝑎!0
[)] =

𝑒##)
[%]

𝑒##
[%]
+⋯+ 𝑒##)

[%]

= 𝑃(𝑦 = 10|𝑥⃗)
…

Relu Softmax

Logistic regression

𝑎!
[#] = 𝑔(𝑧!

# ) 𝑎"
[#] = 𝑔(𝑧"

# )

Softmax

𝒂[𝟑] = (𝑎!
# , … , 𝑎!1

# ) = 𝑔(𝑧!
# , … , 𝑧!1

# )
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MNIST with softmax

1. Specify the model

2. Specify loss and cost

3. Train on data to 
minimize 𝑱(𝒘, 𝒃)

import tensorflow as tf
from tensorflow.keras import Sequential
From tensorflow.keras.layers import Dense
model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=10, activation=‘softmax’)])

from tensorflow.keras.losses import SparseCategoricalCrossentropy
model.compile (loss = SparseCategoricalCrossentropy())

model.fit (X, Y, epochs=100)

Note: better (recommended) version later

Don’t use the version shown here !
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Numerical Roundoff Errors

Option 1

Option 2

𝑥 =
2

10,000
=	?

𝑥 = 1 +
1

10,000
− 1 −

1
10,000

=	?
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Numerical Roundoff Errors



- 16 -

Numerical Roundoff Errors

𝑎 = 𝑔 𝑧 =
1

1 + 𝑒)*

𝐿𝑜𝑠𝑠 = −𝑦𝑙𝑜𝑔𝑎 − 1 − y log(1 − 𝑎)

Logistic regression:

Original loss

𝐿𝑜𝑠𝑠 = −𝑦𝑙𝑜𝑔(
1

1 + 𝑒)*
) − 1 − y log(1 −

1
1 + 𝑒)*

)

More accurate loss (in code)

model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=1, activation=‘sigmoid’)])

model.compile (loss = BinaryCrossentropy())

model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=1, activation=‘linear’)])

model.compile (loss = BinaryCrossentropy(from_logits=True))

Logits = z
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Numerically Accurate Implementation

𝐿𝑜𝑠𝑠 = 𝐿(𝑎⃗, 𝑦) =
−log(

𝑒$!
𝑒$! +⋯+ 𝑒$!"

)	, 𝑖𝑓	𝑦 = 1
…

−log(
𝑒$!"

𝑒$! +⋯+ 𝑒$!")	, 𝑖𝑓	𝑦 = 10

(𝑎%, … , 𝑎%&) = 𝑔(𝑧%, … , 𝑧%&)

model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=10, activation=‘softmax’)])

model.compile (loss = SparseCategoricalCrossentropy())

model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=10, activation=‘linear’)])

model.compile (loss = SparseCategoricalCrossentropy(from_logits=True))

𝐿𝑜𝑠𝑠 = 𝐿(𝑎⃗, 𝑦) = @
−log(𝑎%)	, 𝑖𝑓	𝑦 = 1

…
−log(𝑎')	, 𝑖𝑓	𝑦 = 10

Softmax regression

More accurate
(but, difficult to 
understand)
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MNIST (numerically accurate)

import tensorflow as tf
from tensorflow.keras import Sequential
From tensorflow.keras.layers import Dense
model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=10, activation=‘linear’)])

from tensorflow.keras.losses import SparseCategoricalCrossentropy
model.compile (loss = SparseCategoricalCrossentropy(from_logits=True))

model.fit (X, Y, epochs=100)

logits = model (X)
f_x = tf.nn.softmax(logits)

1. model

2. loss

3. fit

4. predict

𝒏𝒐𝒕	𝒂𝟏, … , 𝒂𝟏𝟎
𝒊𝒔	𝒛𝟏, … , 𝒛𝟏𝟎
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Logistic regression (numerically accurate)

import tensorflow as tf
from tensorflow.keras import Sequential
From tensorflow.keras.layers import Dense
model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=1, activation=‘linear’)])

from tensorflow.keras.losses import BinaryCrossentropy
model.compile (loss = BinaryCrossentropy(from_logits=True))

model.fit (X, Y, epochs=100)

logits = model (X)
f_x = tf.nn.sigmoid(logit)

1. model

2. loss

3. fit

4. predict

𝒛
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Multi-label Classification

Is there a car ?

Is there a bus ?

Is there a pedestrian ?

yes

no

yes

no

no

yes

yes

yes

no

𝑦 =
1
0
1

𝑦 =
0
0
1

𝑦 =
1
1
0

𝑥⃗
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Multi-label Classification

𝒂[𝟏] 𝒂[𝟐]

𝒙

…

𝒂[𝟑]

…

𝒂[𝟏] 𝒂[𝟐]

𝒙

…

𝒂[𝟑]

…

𝒂[𝟏] 𝒂[𝟐]

𝒙

…

𝒂[𝟑]

…

car bus

pedestrian

Alternatively, train on neural network with three outputs

𝒂[𝟏] 𝒂[𝟐]

𝒙

…

𝒂[𝟑]

…

Sigmoid activations

𝒂[𝟑] =
𝒂𝟏
[𝟑]

𝒂𝟐
[𝟑]

𝒂𝟑
[𝟑]

car

bus

pedestrian



- 22 -

Additional Neural Network
Concepts
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Gradient descent algorithm

𝑤 = 𝑤	 − 	𝛼
𝜕
𝜕𝑤

𝐽(𝑤, 𝑏) 𝑏 = 𝑏	 − 	𝛼
𝜕
𝜕𝑏
𝐽(𝑤, 𝑏)

Repeat until convergence

Learning rate
Partial derivative

In simplified equation,

𝑤 = 𝑤	 − 𝛼
𝑑
𝑑𝑤

𝐽(𝑤)

𝐽(𝑤)

min
𝒘
𝑱(𝒘)



- 24 -

Gradient descent algorithm

𝑱(
𝒘
)

𝒘

𝑱(𝒘)

𝑤 = 𝑤	 − 𝛼
𝑑
𝑑𝑤

𝐽(𝑤)
> 𝟎	

= 𝑤	 − 𝛼(𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒	𝑛𝑢𝑚𝑏𝑒𝑟)

𝑱(
𝒘
)

𝒘

𝑱(𝒘)

𝑤 = 𝑤	 − 𝛼
𝑑
𝑑𝑤

𝐽(𝑤)
< 𝟎	

= 𝑤	 − 𝛼(𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒	𝑛𝑢𝑚𝑏𝑒𝑟)
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Learning rate

𝑱(
𝒘
)

𝒘

𝑱(𝒘)

𝑱(
𝒘
)

𝒘

𝑱(𝒘)

𝑤 = 𝑤	 − 𝛼
𝑑
𝑑𝑤 𝐽(𝑤)

If is 𝛼 too small …

Gradient descent may be slow

If is 𝛼 too large …

Gradient descent may:
- Overshoot, never reach minimum
- Fail to converge à diverge
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Gradient descent

𝑤` = 𝑤` − 	𝛼
𝜕
𝜕𝑤`

𝐽(𝒘, 𝑏)

𝒘𝟏

𝒘𝟐

𝒘𝟏

𝒘𝟐

𝐽(𝒘, 𝑏) 𝐽(𝒘, 𝑏)

Go faster - increase 𝜶 Go slower - decrease 𝜶

“Adam” algorithm

Learning rateminimum
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Adam algorithm intuition

Adam: ADAptive Moment estimation
Not just one 𝜶

𝑤! = 𝑤! − 𝛼!
𝜕
𝜕𝑤!

𝐽(𝒘, 𝑏)

𝑤!a = 𝑤!a − 𝛼!a
𝜕

𝜕𝑤!a
𝐽(𝒘, 𝑏)

𝑏 = 𝑏 − 𝛼!!
𝜕
𝜕𝑏
𝐽(𝒘, 𝑏)

…
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Adam algorithm intuition

𝒘𝟏

𝒘𝟐

𝒘𝟏

𝒘𝟐

𝐽(𝒘, 𝑏) 𝐽(𝒘, 𝑏)

minimum

If 𝒘𝒋	(𝒐𝒓	𝒃) keeps moving
in same direction,
à increase 𝜶𝒋

If 𝒘𝒋	(𝒐𝒓	𝒃) keeps oscillating,
à decrease 𝜶𝒋
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MNIST Adam

from tensorflow.keras.losses import SparseCategoricalCrossentropy
model.compile (optimizer=tf.keras.optimizers.Adam(learning_rate=1e-3), 
loss = SparseCategoricalCrossentropy(from_logits=True))

model.fit (X, Y, epochs=100)

logits = model (X)
f_x = tf.nn.softmax(logits)

import tensorflow as tf
from tensorflow.keras import Sequential
From tensorflow.keras.layers import Dense
model = Sequential([
   Dense (units=25, activation=‘relu’),
   Dense (units=15, activation=‘relu’),
   Dense (units=10, activation=‘linear’)])

Faster than general gradient descent
à mostly used optimizer “Adam”
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Dense Layer

𝒂[𝟏] 𝒂[𝟐]

𝒙

…

𝒂[𝟑]

…
Each neuron output is a function of all the 
activation outputs of the previous layer

𝑎!
["] = 𝑔(𝑤!

" R 𝑎⃗ ! + 𝑏!
["])
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Convolutional Layer

𝒙

…

Each neuron only looks at 
part of the previous layer’s 
outputs

Why?
- Faster computation
- Need less training data

(less prone to overfitting)
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Convolutional Neural Network

EKG

height

𝑥! 𝑥" 𝑥# 𝑥!11…

90 degree

…

𝑥⃗

convolution layer

𝑎⃗[F] 𝑎⃗[G] 𝑎⃗[H]

𝑥F − 𝑥GI
𝑥!
𝑥"

𝑥!11

𝑥FF − 𝑥HI
𝑥GI − 𝑥JI

𝑥KF − 𝑥FII

𝑎F
[F] − 𝑎L

[F]

𝑎H
[F] − 𝑎M

[F]

𝑎L
[F] − 𝑎N

[F]


